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Abstract 

Let A be an abelian variety over a p-adic field K and L an algebraic 
infinite extension over K. We consider the finiteness of the torsion part 
of the group of rational points A(L) under some assumptions. In 1975, 
Hideo Imai proved that such a group is finite if A has good reduction 
and L is the cyclotomic Zp-extension of K. In this talk, first we show 
a generalization of Imai's result in the case where A has ordinary good 
reduction. Next we give some finiteness results when A is an elliptic curve 
and L is the field generated by the p-power torsion of an elliptic curve. 

1 Introduction 

Let K he a, finite extension field of the p-adic number field Qp with residue 
field k and fix an algebraic closure K oi K. Let A be an abelian variety over 
K. li L C K is a finite extension over K, it is well-known that the torsion 
part of the L-rational points A{L) is finite (cf. [Mat] . Thm. 7). On the other 
hand, in general, we do not know whether the torsion part of A{L) is finite or 
infinite if L C if is an infinite algebraic extension over K. We are interested 
in understanding whether the torsion part of A{L) is finite or infinite. As one 
of the known results, Imai ( [Ini] ) proved that the torsion part of A{K (fipoo)) 
is finite if A has potential good reduction, where K{fip<x) is the smallest field 
containing K and all p-power roots of unity. In this connection our first result 
in this paper is: 

Theorem 1.1 (Thm. [Tl] and Cor. 12.10]) . Let A be an abelian variety over K 
which has potential ordinary good reduction. Let L be an algebraic extension of 
K with residue field ■ 

(1) Assume that the residue field of L(fipaa) is a potential prime-to-p extension 
of k {in the sense of Def. f^.^P - Then A{L)[p°°] is finite. 

(2) If L contains K{A[p]) and K{^p^), then is a potential prime-to-p exten- 
sion of k if and only if A{L)[p°^] is finite. 

(3) Assume that L{^p^) is a Galois extension of K whose residue field is finite. 
Then the torsion part of A{L) is finite. 

Here we denote by isr(yl[p]) the field generated by the coordinates of all p- 
torsion points of A. This theorem is a generalization of Imai's theorem under 
the hypothesis that A has ordinary good reduction. We can also obtain the 
global case of this theorem, see Section 2.4. As an easy consequence of Thm. 



1 INTRODUCTION 



2 



11.11 (2), we see that the group A{K {iioo))[p°°] is infinite for an abehan variety 
A as in the theorem if we replace K with its suitable finite extension (here we 
denote by K{nao) the field obtained by adjoining all roots of unity to K). We 
shall point out that such a group must be finite in the global case by a result of 
Ribet ([E]). 

Next we consider the finiteness of the torsion part of A{L) for L = ifs.p 
K{B[p'^]), the field generated by the coordinates of all p-power torsion points 
of a semiabelian variety B. For example, i^Tc^.p is the cyclotomic field K(np^), 
where is the multiplicative group over K. Hence Imai's theorem is a result 
on the torsion part of A[Kq^^p). From such a point of view, we raise the 
following question: 

Question. Let the notation be as above. Then is the torsion part of A{Kb.p) 
finite? 

The torsion part of A{Kb,p) is finite if and only if A{KB,p)[i°°] is finite for 
all primes £ and A{Kb,p)[£°°] — for almost all primes £. For any prime £ ^ p, 
it is easy to see that the £-part of A{Kb,p) is finite (cf. Prop. 13. ip . Hence we 
are interested in the finiteness of the p-part of A{Kb,p)- U A — Ei and B — E2 
are elliptic curves, we can gain various results by distinguishing the reduction 
types of El and E2, see the table below. 

Theorem 1.2. The finiteness of Ei{Ke2.p)[p°°] is as follows: 
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Here "ord" , "ss" , "mult" , "CM" and "FCM" in the above table stand for 
ordinary, supersingular, multiplicative, complex multiplication and formal com- 
plex multiplication, respectively. The symbols *i, *2 and *3 in the table imply 
the foUowings: 

* 1 ■ • • El, E2 '■ ordinary good reduction 

=> Ei{Ke2,p)[p°"] is infinite in many cases. 
*2 ■ ■ • El : supersingular good reduction, formal complex multiplication 
E2 '■ ordinary good reduction, complex multiplication 

=> Ei{Ke2,p)[p°°] is finite in all cases. 
*3 • • • El, E2 '■ supersingular good reduction, formal complex multiplication 
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Ei{Ke2,p)[p°°] may be finite or infinite (case by case). 

For more precise information of Thm. II. 2[ see the corresponding statements 
of the table. 

Acknowledgements. The author would like to express his sincere gratitude 
to Professor Yuichiro Taguchi who proposed the theme of this paper to him and 
gave him useful advices, especially the proof of Prop. 13.111 The author also 
would like to thank Akio Tamagawa for pointing out a mistake of Thm. 11.11 

2 Finiteness theorems for abelian varieties 

In this section, we prove Thm. 11.11 given in the Introduction and consider the 
global case for this theorem. 

Let p be a prime number. Let A be an abelian variety over a field K of 
dimension d and the dual abelian variety of A. Fix an algebraic closure K 
of K and a separable closure i^T^'^P of K in K. Put Gk Gal{K'"'P / K) , the 
absolute Galois group of K. For any algebraic extension L over K and any 
integer n > 0, We denote by A{L)[p"'] the kernel of the multiplication-by-p" 
map of the L-rational points A{L) of A and put A{L)[p°°] := U A{L)[p"]. We 

n>0 

denote by i^A[p"] — K{A[p'^]) the field generated by the coordinates of A{K) [p"] . 
Put Ka,p = K{A[p°°]) := U K{A[p"]). Then the field Ka,p contains K{fip^), 

n>0 

the field adjoining all p-power roots of unity to K. The natural continuous 
representation associated to the Tate module Tp{A) of A is denoted by 

PA,p : Gk ^ GL{Tp{A)) ^ GUiZp) 

for some h > and denote its residual representation by 

PA,p : Gk "^^ GLhi-Lp) "'^^ GL,(Fp) (~ GL(A(if-P)b])). 

By abuse of notation, we shall consider pA,p as the representation of Vp{A) = 
Tp{A) Qp- We note that the definition field of the representation pA,p (resp. 
PA,p) is the field Ka^p (resp. Ka[p\)- 

2.1 Some properties of torsion points 

In this subsection, we collect some (in-)finiteness properties of the torsion part 
of abelian varieties which are easy to prove. 

First we note the following proposition, which plays an important role through- 
out this paper: 

Proposition 2.1. A{L)[p°°] is finite if and only if the fixed subgroup Tp{A)'^^ 
of Tp{A) by the absolute Galois group Gl of L is 0. 

Proof. This immediately follows from the definition of Tate module and the fact 
that each A(L)[p"] is finite. □ 

The field i4r(A[p]) is a finite Galois extension of K whose Galois group 
Ga\{K {A[p]) / K) is a subgroup of GLh{¥p) for the integer h > such that 
A{K)[p] ~ (Z/pZ)®'*. Put ghp := (p'* - l)(p'' - p) ■ ■ ■ (p'' -p''"^), the order of 
GLhi¥p). 
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Proposition 2.2. (1) If the absolute Galois group Gk of K is an inverse limit 
of finite groups of order prime to p, then 

A{KAip])\p°°]=A{K^n\P°°]- 

(2) // the absolute Galois group Gk of K is an inverse limit of finite groups of 
order prime to gh,p, then 

A{K)\p°°] = A{K^^'i')\p°°]. 

Proof. (1) If the group A{K^°^)\p°°] is 0, there is nothing to prove and hence 
we may assume that A{K^'^'^)^°°] ^ 0. Hence, for some /i > 0, pa,p\gk ^''^ 
values in the kernel of the reduction map GLh{'^p) GLh{¥p), which is a pro-p 
group. Since Gk^^^^ is an inverse limit of finite groups of order prime to p, the 
representation /9^,p|gk^[ j is trivial and thus we have 

A(i?)[p~] = A{K)\p°°f''''P^-'- c A{K)\p°°f''^M = A{Ka,p)\p'^\. 

This completes the proof of (1). 

(2) We use the same argument as (1) except only that we do not need to 
consider Ka[p\ since pa,p\gk is already trivial. □ 

If there is a Galois equivariant homomorphism among two Tate modules of 
abclian varieties, we can see some infiniteness properties about torsion points 

of abelian varieties. 

Proposition 2.3. Let A and B be abelian varieties over K. If 

Homz^[G,](Tp(B),Tp(A))7^0, 
then A{Kb,p)\p°°] is infinite. 

Proof. Take / to be a non- trivial element of Homz^jg^j (Tp(i?), Tp( A)). Then 
Tp(i?)/ker(/) is a non-zero subspace of Tp{A) with trivial G^B.p-action. This 
implies the desired statement. □ 

Definition 2.4. Let L be an algebraic extension of K. 

(1) We say that i is a prime-to-p extension of K if L is a, union of finite 
extensions over K of degree prime-to-p. 

(2) We say that X is a potential prime-to-p extension of K if L is a. prime-to-p 
extension over some finite extension field of K. 

Proposition 2.5. Let A be an abelian variety over K. Assume that A has the 
following property: for any finite Galois extension K' of K, the torsion part 
of A{K') is finite. Then vl(L)[p°°] is finite for any potential prime-to-p Galois 

extension L of K . 

Proof. The assertion follows from the facts that 

A{L)\p'^]=A{L^^KA,p)\p'=^\ 
and L n Ka,p is a finite Galois extension of K. □ 
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Note that we can apply Prop. [^3] if K is one of the foUowing fields: 

(i) a finitely generated field over a prime field, 

(ii) a finite extension of Qp. 

Proposition 2.6. Let A be an abelian variety over a finite field k of char- 
acteristic p > 0. Let k' be an algebraic extension of k and kp the maximal 
pro-p- extension of k in k. Assume that A(k)[p] is not trivial. 
(1) Suppose that A{k)[p] is rational over k. Then A{k')[p°°] is finite if and only 
if k' is a potential prime-to-p extension over k. Furthermore in the other case, 



Proof. (1) First we note that kp — kA,p because ^ and fc is a finite 

field of characteristic p. If fc' is a potential prime-to-p extension over fc, Prop. 
12.51 implies that A{k')[p°°] is finite. In the other case, fc' contains kp and hence 
A{k')[p°°] is infinite. 

(2) If we put fc' := k{A[p]), we see that fc^.p coincides with fc^, the maximal 
pro-p-extension of fc'. Since kp = kp{A[p]), we have done. □ 

2.2 Finiteness theorems for abelian varieties with ordi- 
nary good reduction 

Let K he a finite extension field of Qp with integer ring Ok and residue field 
fc. Let Ik be the inertia subgroup of Gk- If A has good reduction over K, 
we denote by A the reduction of A over fc. For any p-divisible group G over 
Ok, we denote its Tate module, Tate comodule, connected component and 
maximal etale quotient by Tp{G), ^p{G), G^ and G®*, respectively and put 



Before proving Thm. [TTT] given in the Introduction, we shall show the propo- 
sition related with the matrix of the representation attached to abelian varieties 
by an analogous proof due to Conrad ( |Co| , Thm. 1.1). 

Proposition 2.7. Let A be an abelian variety over K of dimension d which 
has good reduction. 

(1) The representation pA.p has the form 



with respect to a suitable basis ofTp{A). Here, for some integer < f < d, 

(i) Sa '■ Gk GL2d-f{'^p) is a continuous homomorphism, 

(ii) Ta ■ Gk ~* G'I//(Zp) is an unramified continuous homomorphism and 

(iii) Ua '■ Gk M2d~f.f{'^p) is a map. 

(2) If A has ordinary good reduction over K , then f — d and Sa\ik is conjugate 
with the direct sum of the p-adic cyclotomic characters e®'^ . 

(3) // A has ordinary good reduction over K , the map Sa is conjugate with the 



map e ■ {^TA-^y^ . 

Here, explicitly, the map e®'^ : Gk GLd{1'p) is given by the equation 



A{k')[p°°] = A{k)[p°°]. 
(2) kA,p = kp(A[p]). 



Vp{G) := Tp{G) 




e®\<j) = diag(£(a)) e Gi<i(Zp), 
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the diagonal matrix with coefRcients e{a) for aU a G Gki and for any map 
T : Gk GLd{'Lp), we denote by 'T the map Gk ~> GLd{^p) defined by 

*T(a) := *(r(a)) £ Gi<i(Zp) 

for all a G Gk, where ^{T{a)) is the transposed matrix of T{a). 

Proof of Prop. \2. 7[ (1) Let A be the Neron model of A over Ok and A{p) the 
p-divisible group associated to A. The connected-etale sequence of A{p) induces 
the exact sequence 

^ vMipf) - vMip)) VpiApt) - 

of Qp[G'if ]-modules. The desired decomposition of pA.p can be obtained by this 
sequence. 

(2) Assume the reduction type of A over Ok is ordinary. Let K^^ be the 
completion of the maximal unramified extension K^''' over K and O^-^r the 
integer ring of K^"" . Then ^c)^-„, := ^ XOk Spf(C'j^-„r) is isomorphic to Gf^ 
over O^ur, where ,4 is the formal completion of A along its zero section and 
Gm is the formal multiplicative group over O^-^,. (cf. [Maz| . Lem. 4.26 and Lem. 
4.27). This implies the assertion (2). 

(3) Consider the following two exact sequences as G^-modules; 

^ VpiAiptY ^ Vp{A{p)Y ^ Vp{A{pfr ^ 0, 

^ Vp{A^{pf){-l) ^ VM^){-^) - Vp{A'^{pr){-l) ^ 0, 

where = HomQp(M, Qp) is the dual of a Qp[G'K]-niodule M and M{i) is 
the i-th Tate twist of M. Note that Vp{A{p)Y ~ as Gif-modules. 

By taking the functor H°(/x, — ) of the above exact sequences and using the 
assertion (2), we can see that 

Vp{A{prY ^ {Vp{A{p)YY'< ^ {Vp{A^){-l)Y'^ ^ Vp{A^{pY){-l) 

as Gif-modules, since Ik acts on Vp{A{pY^Y and V^(^^(p)°)(— 1) trivially, 
and 7x acts on Vp{A{pfY and l^p(^^(p)^*)(-l) by {e®'^Y^ . We know that 
the group Gk acts on Vp{A{pYY {Y by £• (*Ta)-^ and also acts on Vp{A^ [pf) 
by iS^v. Therefore, we see that e ■ (*Ta)~^ is conjugate with and thus we 
finish the proof of the assertion (3) after replacing A with . □ 

Remark 2.8. (1) The above proof implies the following: the integer / is equal 
to the dimension of Vp{A) and the map Sa is the natural continuous homomor- 
phism 

Gk GL{Tp(A{pf)) ~ GL^d-fiZp) 
and the map Ta is the natural continuous homomorphism 

Gk ^ GL{Tp{A)) ^ GLfiZp). 

(2) Suppose that A has ordinary good reduction over K. We denote the semi- 
simplification of pA,p by PAp- The criterion of Ncron-Ogg-Shafarevich implies 
that the representation P'apIgl factors through Gk^ for any algebraic extension 
L oi K such that L contains all p-power roots of unity. 
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Now we can show our main finitcncss theorem which is given in the Intro- 
duction. 

Theorem 2.9. Let A be an abelian variety over K which has potential ordinary 
good reduction. Let L he an algebraic extension of K. 

(1) Assume that the residue field of L{fj,p<x,) is a potential prime-to-p extension 
ofk. Then A{L)[p'^] is finite. 

(2) Assume that L{^poo) is a Galois extension of K whose residue field is finite. 
Then the torsion part of A{L) is finite. 

Proof. (1) By extending K and L, we may assume that A has ordinary good 
reduction over K and L contains K{fip<ys). Put d dim(yl) and denote by 
the residue field of L. We have the foUowing form of the representation pA.p for 
a suitable basis of the Zp-module Tp{A): 

(Sa Ua\ 
V TaJ' 

with certain Sa ^ £ ■ (*Tav)-i : Gk ^ GLdiZp), Ta : Gk ^ GLd{Zp) and 
Ua ■ Gk MdCZp) as in Prop. [2771 In this proof, we shall fix the above basis 
and identify Vp{A) with Q®^"^ — M2d,i{Qp)- Since L contains all p-power roots 
of unity, we know that the maps Sa\gl s-'^d Ta\gl factor through the absolute 
Galois group Gk^ Gal(fc^°P/fci) of fc^. Thus the maps Sa\gl and Ta\gl are 
determined by a topological generator ctl of G/tj^. To prove Vp{A)'~^'^ = 0, it 
suffices to show that the matrices S'a(o'l) and TAicr^) do not have eigenvalue 
1. First we assume that this assertion about Ta{<Jl) is false. Then the Tate 
module Vp{A)'~^'^ is not zero 

and hence A{kL)[p°°] is infinite. By Prop. [^31 this contradicts the assump- 
tion that the field fcz, is potential prime-to-p extension of k. Next we show that 
SAi^L) does not have eigenvalue 1. Since L contains K{p,p<xi) and A has ordi- 
nary good reduction, the map Sa\gl coincides with {*Ta-^\gl)~^ ■ Hence if we 
assume S'a(o'l) has eigenvalue 1, then TA'-'icrL) also has eigenvalue 1. But this 
induces a contradiction by the same argument as the above. 
(2) The criterion of Neron-Ogg-Shafarevich implies that 

A{Ly c A{L{pp^)Y = A{L{tip^) n K^^'Y 

where the symbol ' means the prime-to-p part. Hence A{Ly is finite because 
L{fipao) has a finite residue field. Therefore, the assertion (1) implies that the 
torsion points of A{L) is finite. □ 

Corollary 2.10. Let A be an abelian variety over K which has ordinary good 
reduction. Let L be a Galois extension of K with residue field k^. Assume that 
L contains K{fipa^) and K{A[p]). Then the followings are equivalent : 

(1) A(L)[p°°] ts finite, 

(2) A'^{L)[p°°] IS finite, 

(3) A{kL)[p'^] IS finite, 

(4) A^(kL)[p'^] IS finite, 

(5) k^ is a potential prime-to-p extension over k. 

Note that the Weil-paring implies that L contains K(ppa^) and K{A[p]) if 
and only if L contains K{iip^) and i4r(74^[p]) 
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Proof. The equivalence of assertions (3), (4) and (5) follows from Prop. BTBl thus 
it is enough to show that (1) is equivalent to (3), (4) and (5). By Thm. (1). 
the condition (5) implies the condition (1). 

Let us assume that the condition (4) is not satisfied. Then we know that 
TA'^i'^h) has eigenvalue 1, where T^v is a natural unramified homomorphism 
Gk C!L{Tp{A'^)) and ctl is a topological generator of Gkj^- Hence e ■ 
(*ryiv)^i(crL) has also eigenvalue 1. By using this fact and Prop. \T7[ we can 
see that Tp{A)'~^^ is not trivial. Therefore, the group A{L)[p°°] is infinite. □ 



2.3 /ir"^-rational points 

We continue to use the same notation p, K, k, A and d as in the previous 
subsection. In this subsection, we consider some relations of pA,p '■ Gk ~> 
GL{VpiA)) ~ GL2diQp) with A{K''')[p'^]. Our goal in this subsection is to 
prove that 

Theorem 2.11. Let E be an elliptic curve over K which has ordinary good 
reduction. Then the followings are equivalent; 

(1) pE.p is abelian, 

(2) Pe,p\ik abelian, 

(3) E{K''')[p°°] is infinite. 

Note that it is known that the condition (1) is equivalent to the condition 

(4) E has complex multiplication over K. 

See jSe2j . A. 2. 4 for more information. 

Now we start with an argument by proving the fact below; 

Proposition 2.12. Let A be an abelian variety over K which has ordinary good 
reduction. If Pa,p\ik abelian, then A{K^'^)[p°°] is infinite. 

Proof. By Prop. 12.71 we have the following form of the representation pa,p\ik 
for a suitable basis of the Qp-module Vp{A): 

Id 

where [/ is a map Ik ^ -^^d(Qp) and Id is the unit matrix of dx d. Since pa,p\ik 
is abelian, we see that U = (e®'' — Id)Uo for some Uq E Md{Qp). Then, on Ik, 

e®-* U\ fUold\ ^ fUold 
Id) y Id J \ Id 

where Id = *(1, 1, • • • , 1) £ Md,iiQp). Consequently, we know that VpiAY'^ ^ 
and this implies the desired result. □ 

In the rest of this subsection we always assume that A has ordinary good 
reduction over K. Let K'^'" be the maximal abelian extension of K in K. The 
exact sequence 

ker(r) ^ Vp[A) ^ Vp{A) -> 
gives the exact sequence 

-> ker(r) ^ Vp{A)^K^^ ^ Vp{A) (*) 
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of Qp[Gal(A'^'^/isr)]-modules. Here we remark that G^^b acts trivially on ker(r) 
and Vp{A). We define the representation p^'^ by the natural action of Ga,l{K^^ / K'^'^) 
on Vp{A)^K->^ = Vp{A{K''^)); 

p2p ■■ GaK/^^'^/if") ^ GL{VpiAf'<-^) = GL{Vp{A{K^^))). 

Now we define the integer e{A) to be e{A) :— dimq Vp{A{K^^)) — dimQ ker(r) — 
dimQ^Vp{A{K'^^)) — d. Then is a p-adic representation of dimension d + 
e{A). Clearly < e{A) < d. Furthermore, the above sequence (*) implies that 
p^p has the following shape for a suitable basis of the Qp-module Vp{A{K^^)): 

^^^P - \ I,^A)J ' 

where ?7 is a map Gal{K^^ / K^'^) and Ie{A) is the unit matrix of 

e(^) X e(A). 

(I) The case e{A) ^ 0. 

In this case, we see that U — {e®'^ — Id)Uo for some Uq S M^,e(y!i) (Qp) since 
p'X^p is abehan. Then, on Gal{K''^ /K'''), 

/e®' U \ fUol,iA)\ ^ (UoleiA)\ 
\ Ie{A)) V J \ le(A) / ' 

where le(A) = 1, • ■ ■ 1 1) G Afe(A).i(Qp)- This equation shows the fact that 
Fp(A(i^'^'^))CJai(-^'"'/-f^") _^ 0, that is, is infinite. 

(II) The case e{A) = 0. 

In this case, we have p'Xp = e®'' and hence Vp{A{K''^))'^''^(^'''' /^""'^ = 0, 
that is, A{K''')[p°°] is finite.' 

Consequently we obtained the following lemma: 

Lemma 2.13. Let the notation be as above. Then e(A) — if and only if 
A{K'-'')[p°°] is finite. 

Now we can finish the proof of Thm. 12.111 

Proof of Thm. \2.11\ Since E is an elliptic curve, by combining Prop. [^T^ with 
Lem. I2.13[ we can show the desired statement by the following way: e{E) ^ 
^ e{E) = 1 ^ dimQ^Fp(i;{i^^'^)) = 2 ^ Vp{E{K'''')) = Vp[E) ^ Gk.^ C 
Gke p Pe,p is abelian. □ 



2.4 Global cases 

Consider "global cases" of Thm. 12.91 Let A be an abelian variety over a number 
field K. It is well-known that the group A{L) is a finitely generated commutative 
group for a finite extension field L of iiT by the theorem of Mordell-Weil-Neron- 
Lang. In particular its torsion subgroup is finite. In the case where L is any 
algebraic extension of K, there are many results on the finiteness of torsion 
points of A{L). 
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Let u be a finite place of K. For any finite extension K' of K and any finite 
place v' of K' above v, we denote the completion of K' at v' by K'^,. More 
generally, for any algebraic extension L and any place w above v, we denote 

L^, := UK'^,, 

K' 

where K' runs through all the finite extensions of K in L and v' is the unique 
place of K' under w. Note that the residue field k^^ of L^, is U fc^^', . 

As corollaries of Thm. 12.91 we can see the "global cases" below immediately. 

Corollary 2.14. Let K,L,A he as above. Assume that there exist places v of 
K above p and Woo of L(fip<x) above v satisfying the following properties: 

(i) The residue field k^,^ of L(fipa^) at Woc is a potential prime-to-p extension 
of the residue field fc„ of K at v. 

(ii) A has potential ordinary good reduction at v. 
Then A{L)[p°°] is finite. 

Corollary 2.15. Let K,L,A be as above. Assume that L{^p<x,) is a Galois 
extension of K , and there exist places v of K above p and Woo of L(fj,p<x) above 
V satisfying the following properties: 

(i) The residue field kw^ of L{pLpao) at w^o is finite. 

(ii) A has potential ordinary good reduction at v. 
Then the torsion part of A{L) is finite. 

If we always assume that L contains all p-power roots of unity, these corol- 
laries are generalizations of a result of Greenberg. See jGrj . Prop. 1.2 (ii). 

3 Finiteness of torsion points for elliptic curves 

We use the same notations as defined at the beginning of the previous section 
(soon we will suppose if to be a finite extension of Qp). In particular A is an 
abelian variety over a field K . In this section, we give results on the Question 
which is proposed in the Introduction. At the beginning, we shall remark the 
following proposition related with "a torsion problem of two abelian varieties" . 

Proposition 3.1. Let A and B be abelian varieties over a field K . Assume 
that K has the following property: the torsion part of A{K') is finite for any 
finite Galois extension K' of K . Then, for two different prime numbers li and 
I2, the group A(KB,t^\^'\'\ is finite. 

Proof. This follows immediately from Prop. 12.51 □ 

In view of the above proposition, we will be interested in the finiteness of 
KKb.iMT\ with h=l2. 

From now on, throughout this Section, we always denote by if a finite 
extension of Qp. Some of results on such the (in-)finiteness properties can 
be checked immediately, by using the results given in the previous section, as 
follows. 

Proposition 3.2. Let E be elliptic curves over K which has potential multi- 
plicative reduction or potential supersingular good reduction. We assume that A 
has potential ordinary good reduction over K . Then the torsion part of A{Ke,p) 
is finite. 
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Proof. The two Lie groups pe,p{Gk) and pe,p{Ik) have the same Lie algebras 
(cf. [Selp and hence the residue field of Ke,p is a finite field. Therefore, the 
residue field of Ke p is also finite. Consequently we finish the proof by Thm. 
(2). ^ □ 



Proposition 3.3. Let A and B be abelian varieties over K which have ordinary 
good reductions. Assume that A{K)[p\ is rational over K. Then A{Kb,p) is 
infinite. 

Proof. Since B{Kb,p)[p°°] is infinite, the residue field kB.p of Kb,p is not a 
potential prime-to-p extension of k by Thm. 12.91 Because is rational 

over K, Cor. [OH shows that A{Kb,p)[p°°] is infinite. □ 

In the rest of this section, wc discuss the following question: 

Question. Let A and B be abelian varieties over K. When is A{Kb,p)\p°"\ 
finite? 

Now we are interested in the case where A (and B) are elliptic curves. Let 
us consider the above Question by distinguishing the reduction type of A. 



3.1 Ordinary good reduction case 

Let A ^ El and B = E2 he two elliptic curves over K. We have already 
proved in Cor. 13.21 that the torsion part of Ei{Ke2,p)[p°°] is finite if Ei has 
ordinary good reduction over K and E2 has supersingular good reduction or 
multiplicative reduction over K. We consider the infiniteness of Ei{Ke2,p)[p°°] 
under the condition that Ei and E2 have ordinary good reduction over K. One 
of the result for the finiteness of Ei{Ke2,p)[p'^] has given in Prop. [3T3l However, 
in this 1-dimensional case, we will show more precise criterion in Thm. [33] and 
Cor. [531 

We shall give some notation that we need. In the rest of this subsection we 
always assume that Ei and E2 have ordinary good reduction over K. Let Ei 
and E2 be the reduction of Ei and E2 over fc, respectively. For each elliptic 
curves Ei, Put 

X^ = Pe^.p ■■ Gk ^ GL{Tp{Ei)) ^ Gii(Zp) = Z^, 

and 

X^ = Pe^^p ■■ Gk ^ GL(^,(F'=P)[p]) ~ Gii(F,) ^ w; . 

Clearly Xi and Xi are unramificd characters by their definitions. It can be 
checked that each Xi is of infinite order. We know that each pEi,p has the form 




with respect to a suitable basis of Tp{Ei). We fix such a basis and identify 
Tp{E,) with Z®2. 

Proposition 3.4. Let the notations be as above and p > 3. Consider the 

following four conditions : 

(a) The group Ei{Ke2.p)[p°°] is infinite. 
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(b) Gke^., C ker(xi). 

(c) ker(x2) C ker(xi). 

(d) Im(xi) C Imfe). 

Then there is the following relation: (a) <^ (6) (c) (d) . 

Proof. If we assume that the condition (a) is satisfied, there is a 1-dimensional 
Gi<-g p -invariant subspace of = -^2,i(Qp)- Take any non-zero element 

( ^ ) in W. Since x or ?/ is a non-zero element which is invariant under the 
multiplication by Xi(cr) for all a S Gke ,pj see that Vp{Eir''''2,P has non- 
trivial subspace and hence Vp{Ei) ^^2.p = Vp{Ei). This implies the condition 
(&). Conversely we assume that the condition (&) is satisfied. Then the condition 
(a) follows from the fact that 

m,p|G.,^,p - xij^lo ij- 

Because Gke .p C ker(x2), the condition (c) imphes (&). Finally let us show 
that conditions (c) and (d) are equivalent. Since xi and X2 are unramified, we 
may consider each character Xi as a character 

Gfc ^ 2± 1)Z X Zp, 

where Gfc is an absolute Galois group of fc. Byprj^ : Z/(p— l)ZxZp ^ Z/(p— 1)Z 
and prj : Z/(p — 1)Z x Zp ^ Zp, we denote natural projections. Let ak be 
the Frobenius automorphism of Gk and we decompose Xii'^k) ~ S 
Z/(p— 1)Z X Zp. Note that Im(xi) has an infinite image and thus n,; ^ 0, since 

fc is a finite field. If we identify Gk with H^^i '^^ see that 

i 

ker(xi) = ker(pri o Xi) n ker(pr2 o Xi) 

= {p- l)/(gcd(p - 1, m,)) J|Z, n J^Z, 

= (p-l)/(gcd(p-l,m,))n^^- 

Therefore, it can be checked that the condition (c) is equivalent to the con- 
dition that TOi • Z/(p — 1)Z C m2 • Z/(p — 1)Z, which is (d). □ 

Let fc^.[p] be the smallest field extension of k over which the elements of 
Ei{k^°'^)[p\ is rational. 

Corollary 3.5. Let Ei and E2 be elliptic curves over K which have ordinary 
good reduction. Assume that p > 3. 

(1) V^E.ip] C %2[p], then Ei{Ke2.p)[p°°] is infinite. 

(2) If the map xi is trivial, then Ei{Ke2,p)[p°°] is infinite. 

(3) If the map X2 is surjective, then Ei{Ke2,p)[p'^] is infinite. 



Proof. All statements will immediately follow from Prop. 13.41 



□ 
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3.2 Supersingular good reduction case 

Let A = El and i? = £'2 be elliptic curves over K. In this subsection we 
consider the case where Ei has (potential) supersingular good reduction over 
K . We recall the structure of the Lie algebra associated to an elliptic curve. 

Proposition 3.6 ( Se2j, Appendix of Chap. 4). Let E he an elliptic curve over 
K. Put g := 1j1c{pe p{Gk)) o-nd i ;= Lie{pE pilK)) {these are Lie subalgehras 
o/EndQ^(V^p(i?))). 

(1) If E has ordinary good reduction with complex multiplication, then g is a 
split Cartan subalgebra o/EndQ^ (T^(£')) and i is a 1-dimensional subspace of q. 

(2) // E has ordinary good reduction without complex multiplication, then g is 
the Borel subalgebra o/EndQ^ (V^(i5)) corresponding to the kernel of the natural 
reduction map Vp{E) Vp{E) and i is a 2-dimensional subspace of q. 

(3) // E has supersingular good reduction with formal complex multiplication, 
then Q is a non-split Cartan subalgebra 0/ EndQ^ and i = 0. 

(4) // E has supersingular good reduction without formal complex multiplication, 
then 2 = EiidQ^{Vp{E)) and i = g. 

(5) If the j -invariant of E has negative p-adic valuation, then g coincides with 
for some 1-dimensional subspace X of Vp{E) and i = g. Here nx is the 

subspace 0/ EndQ {Vp{E)) generated by all u G Endq {Vp{E)) satisfying that 
u{Vp{E)) ex. ' 

Here, for any elliptic curve E over K which has supersingular good reduction, 
we say that E has formal complex multiplication over K if an endomorphisni 
ring of the p-divisible group £(p) over Ok has rank 2 as a Zp-module, where 
£(p) is the p-divisible group associated with the Neron model £, oi E over Ok- 
We also say that E has formal complex multiplication if E Xk K' has formal 
complex multiplication defined over some algebraic extension K' of K. Then 
the quadratic field End©^, (£(p)) <8Zp Qp is called the the field of formal complex 
multiplication. We can take K' for at most degree 2 extension of K. 
Our first result in this subsection is : 

Proposition 3.7. Let Ei and E2 be elliptic curves over K . Suppose that Ei 
has potential supersingular good reduction over K . Then Ei {Ke2.p) is finite 
if one of the following conditions is satisfied: 

(1) The elliptic curve E2 has potential ordinary good reduction. 

(2) The elliptic curve E2 has potential supersingular good reduction. Further- 
more, one of the following conditions is satisfied: 

(i) El has formal complex multiplication but E2 does not have. 

(ii) E2 has formal complex multiplication but Ei does not have. 

(3) The j-invariant of E2 has negative p-adic value. 

To prove this proposition, we need the following important lemma, which is 
easy to prove, but wc often make use of this lemma in this subsection. 

Lemma 3.8. Let E be an elliptic curve over K which has supersingular good 
reduction over K. Let L be a Galois extension of K . Then the group E{L)\p°°] 
is finite if and only if Ke,p is not contained in L. 

Proof. Let us assume that Ke,p is not contained in L. Then we have Vp{E)^'^ C 
Vp{E). By the assumption that L is a Galois extension of K, we see that 



3 FINITENESS OF TORSION POINTS FOR ELLIPTIC CURVES 



14 



Vp{E)'^^ is a Gi<-submodule of Vp{E). In addition, since E has supersingular 
reduction, Vp{E) is an irreducible G^-niodule (cf. jSe2j . Thm. of A. 2. 2). Hence 
we see that Vp{E)'^^ is vanished and this imphes the fact that E{L)[p°°] is finite. 
The converse is obvious. □ 

Proof of Prop. \3. 7[ First we note that the Lie algebras gi := Lie{pEi.p{GK)) and 
ii := Lie{pEi,pilK)) are subspaces of End(V^(i?i)) for i = 1,2. By extending K 
finitely, we may assume that Ei has good reduction over K. By Lem. 13.81 it 
suffices to show that Kei,p is not contained in Ke2,p- Let us assume that Ke^.p 
is contained in Ke2,p- Then there is a natural surjection Gail{KE2,p/ K) ~^ 
Gal{KEi.p/ K) and hence we obtain the surjections of Lie algebras Q2 — > 0i and 
\2 ii. Hence we see that dimQj^g2 > dimQ^gi and dimQpi2 > dimq^ii. If 
01 (resp. ii) is abelian, we can also obtain the inequality dimQ^ (02/(02, 82]) > 
dimQpgi (resp. dimQ^ (i2/[i2, i2]) > dimQ^ii). But Prop. implies that at least 
one of the above inequalities is not satisfied. □ 

In the rest of this section, we consider about the case where E2 has super- 
singular good reduction. First we prove an elementary result of the algebraic 
number theory. 

Lemma 3.9. Suppose Fi and F2 are quadratic subfields in K. Denote by 
Nr/^/^. the norm map ^ F^^ for i = 1,2. Then the fallowings are equiva- 
lent: 

(a) F,^F2, 

(b) kei{NTK/F2) <^'^<i'^i^^K/F^), 

(c) ker(NrK/Fi) ker(NrK/i.J. 

Proof. Let a.; be a p-adic integer satisfying that Fi — Qp{ai) and of £ Zp for 
i = l,2. Assume that -Fi ^ F2. Then 

Ntk/f2 {x + yai) = (x^ - y^alY, ^^:K/F^ {x + ya^) ^ {x + yaif^, 

where d is the extension degree of K/F1F2 and x,y G Zp. By the elementary 
field theory, ker(Nrx/^2)|^x has order at most 2d. Thus, to obtain the desired 
result, it is enough to show that the following claim: 

Claim. The group ker(Nr/^/Fj)|^x has an infinite order. 

If we suppose p > 3, then the polynomial T^ — y^a\ — 1 has roots in Zp for 
all y £ pZp by Hensel's lemma and thus the claim is true. Suppose p ~ 2. To 
prove the claim, it suffices to show that x'^ — y'^a\ is equal to 1 for infinitely 
many x,y G Zp. Take any integer > and suppose y = Akx. In this case 
x"^ — y^al = (1 — 16k^al)x^ and we see (1 — IGk^af) e (Zp )^ since it can be 
checked that the polynomial (1 + 2T)'^ - (1 - IGh'^aj) G Zp[r] has roots in Zp 
by Hensel's lemma. This completes the proof of the claim. □ 

Proposition 3.10. Let Ei and E2 be elliptic curves over K which have super- 
singular good reduction with formal complex multiplication. Let Fi G K be the 
field of formal complex multiplication for each Ei. Then Ei{Ke2,p)\p°°] is finite 
ifFi^F2. 
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Proof. By extending K finitely, we may assume that Ei and E2 have formal com- 
plex multiplication over K. Then the representation pEi,p ■ Gk ^ GL{Vp{E)) 
has values in O^, and hence pEi.p induces the representation 

where I{K'^^/K) is the inertia subgroup of Gal{K^'°/K). It is known that 
^fj(a;) = Nr^/p-^(a;"^) for any x ^ O'^ (see ^Se2', A.2.2). Lam^lXHl implies 
that Ei{Ke^^p)[p°^] is infinite only ii K"-'' {Ei{k)[p°"]) C K""' {E2{K)[p°"]) . Be- 
cause K^'^ {Ei{K)\p°"]) is the definition field of the representation pEi,p\iK 
kei(NTK/F2)\o^ = ker(Nrx/i^J (resp. keT{NrK/Fi)\o^ = ker(Nrif/;^J), we see 
that Ei{Ke2,p}[p°°] is infinite only if ker(Nrx/F2) ?! ker(Nr^/i?J. Combining 
this fact and Lem. 13.91 we obtain the desired result. □ 

For any elliptic curve E over K, we denote by E the formal group associated 
with E. 

Proposition 3.11. Let Ei and E2 he elliptic curves over K which have super- 
singular good reduction without formal complex multiplication. 

(1) If there is a non-trivial homomorphism of formal groups E2 Ei over Ok, 
then Ei{Ke2,p)[p°^] is infinite. 

(2) If Ei{Ke2,p)[p°^] is infinite, then there is a non-trivial homomorphism of 
formal groups E2 — > Ei over Ok' for some finite extension K' of K . 

Proof. (1) Since each Ei has supersingular good reduction, there is a non-trivial 
Gjc-homomorphism Tp{E2) — > Tp{Ei) by a theorem of Tate (cf. [Ta^ . Cor. 1 of 
Thm. 4). Hence Prop. 12.31 implies that Ei{Ke2,p)[p°°] is infinite. 
(2) Extending K finitely, we may assume that Ei and E2 have formal complex 
multiplication over K. By Lem. 13.81 we know that Kei,p C Ke2,p- Further- 
more this is a finite field extension because the Lie groups Gal{KE-^,p/ K) and 
Gdl{KE2.p/ K) have same Lie algebras. Hence we may assume that Kei,p coin- 
cides with Ke2.p by replacing K with a finite extension. Put G := Ga,l{KEi,p/ K) = 
Gal(if£;2.p/if ) and := Lie(G). Then the Lie algebra homomorphism Lie(p£;;_p) : 
^ S^2{Qp) corresponding to pEi,p '■ G GL{Tp{Ei)) ~ GL2{1ip) is an iso- 
morphism by our assumptions of Ei for i — 1,2. 

Claim. lAe{pEi.p) is conjugate with\Ae{pE2,p)- 

If we finish the proof of this claim, we know that pEi,p is conjugate with pe2,p 
on Gk' for some finite extension K' of K (this fact follows from |DSMS| , Thm. 
9.11). Thus there is a non-trivial Gx' -homomorphism Tp{E2) Tp{Ei). By 
using the theorem of Tate again, we see that there is a desired non-trivial ho- 
momorphism of formal groups E2 Ei over Ok' ■ 

Let us prove the above claim. We denote by Z{G) (resp. Zi, Z2) the center 
of G (resp. Itii{pei,p), lu\{pE2,p)) and put s := ljie{G / G&\{K [pp-^^) / K)) . We 
see that the homomorphisms lAe[pEi,p) and lAe{pE2.p) induce isomorphisms 
Lie(Z(G)) ~ Lie(Zi) = Qp • /2 and Lie(Z(G)) ~ Lie(Z2) = Qp • h, respectively. 
Here I2 is the unit matrix of 2 x 2. We shall remark that Lie(Z(G)) and s 
generate g. This can be checked from the facts that dimQpLie(Z(G)) = 1, 
dimQpS = 3 and 

Lm{pE,,p){Lic{Z{G))r\B) = Lm{pE,,p){Lie{Z{G)))r\Lm{pE,,p){B) 

= Qp-/2ns[2(Qp) -0. 
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Since det{pEi,p) and det{pE2,p) coincide with the p-adic cyclotomic character, 
we have the equality that Lie{pEi.p) — ^^^iPE2.p) on Lie(Z(G)). On the other 
hand, up to inner automorphisms, there exists the unique Lie algebra injection 
from s to fll2{Qp) because 5 is isomorphic to s[2(Qp). This fact is followed from 
the highest weight theory (cf. |Se3| . the remark of the end of Subsection 7.4) 
Thus Lie(pE^.p) is conjugate with hie{pE2.p) ^- Thus we have proved the 
assertion of the claim. □ 



3.3 Multiplicative reduction case 

Finally we give some results on the finiteness of A{Kb,p)[p'^] for an elliptic 
curve A = E over K with multiplicative reduction and an abclian variety B 
over K. We always suppose this assumption to the end of this subsection. Since 
E has multiplicative reduction, we may choose a suitable basis of Tp{E) such 
that the corresponding matrix of pE,p has the form 

X 

where x ■ Gk ^ is a character which has an image of order at most 2 (cf. 
[Co| . Thm. 1.1). Moreover x is trivial if and only if E has split multiplicative 
reduction over K. We identify Tp{E) as Z®^ with respect to the above basis. 

Proposition 3.12. Let E be an elliptic curve which has split multiplicative 
reduction over K. Let K{ppoo) be an algebraic extension of K adjoining all p- 
power roots of unity. Then E{K{p,p'^ ))[p°°] is infinite. In particular, E {Kb, p)[p°^ 
is infinite for any abelian varieties B over K . 

Proof. By the theory of Tate curve, we have a Gx-isomorphism 

E{K)[p°°] ~ i^V/ 

for some element q in the maximal ideal of Ok and hence we have the desired 
result. □ 

Next we shall consider the case where E has non-split multiplicative reduc- 
tion, equivalently, % 7^ 1. 

Lemma 3.13. Suppose that E has non-split multiplicative reduction over K . 
Let L be an algebraic extension of K which contains all p-power roots of unity. 
Then E(L)[p°°] is finite if and only if x is not trivial on Gl- 

Proof. Since the field L contains all p-power roots of unity, the matrix ( y ) G 
Tp{E) is contained in Tp{E)'^'^ if and only if 

X{cry'^x + u{a)y^x, x{'^)y ^ V 
for all (T G Gl- The assertion immediately follows from this fact. □ 



Applying this Lemma, we can show the following finiteness results without 
difficulty. 
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Proposition 3.14. Let E be an elliptic curve which has non-split multiplicative 
reduction over K. We suppose that p ^ 2. 

(1) // L is a prime-to-2 algebraic extension of K which contains all p-power 
roots of unity, then iJ(L)[p°°] is finite. 

(2) Let B be an abelian variety such that B{K)[p] is rational over K. Then 
e[Kb,p)[p'^] is finite. 

Proof. Since the assertion (2) is a special case of (1), it is enough to show 
the assertion (1). Let be the definition field of the character x- By the 
assumption that L is a profinite prime-to-2 algebraic extension of K, we know 
that L n Ky. — K, in particular is not contained in L. Consequently it 
follows that E{L)[p°°] is finite by Lem. [XTOl □ 
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